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Abstract—In this paper a new Lagrangian for nonlinear heat conduction problem is constructed. Using
the concept of penetration depth a computational procedure for solving the nonlinear heat equation
is given. Problem with nonlinear boundary conditions (surface radiation) is also discussed. Applying the
method of Yang [33-35], it is shown that the solutions can be improved. Also, the method of choosing the
best trial polynomial for the description of the temperature distribution is discussed.
In the light of Yang’s theory the solutions obtained by means of the variational principle have some
degree of optimality in comparison to other approximative solutions.

I INTRODUCTION

It 15 a well known fact, that the equations of
heat transfer employed at the present time cannot
be derived from exact Hamiltonian variational
principles. However, there is always interest
in describing the differential equations of the
process under consideration as a variational
problem. Contrary to the general impression
that variational principles are of purely theo-
retical interest, the investigations in the past
several years show, that they can lead to con-
siderable practical advantages in the solution
of various problems, especially nonlinear bound-
ary value problems,

When a variational principle is established a
general and systematic approximative procedure
for establishing the solution can be developed
from a direct study of the variational integral.

It is a well known fact [6] that when the
Lagrangian of a physical problem exists it is
possible to apply the very powerful technique of
partial integration which is more effective and
accurate than either the Ritz or Galerkin method.
This fact is one of the principal justifications of
applying the methods of variational principles
in physics. Despite the fact that variational
methods in dissipative physics have been criti-

cised (see [1]), the increasing number of very
successful applications of variational principles
in obtaining approximate solutions, confirm the
authors opinion that variational methods can
be advantageously applied to transport phenom-
ena (see for example [6, 10-13, 17]).

We will briefly mention the three leading
variational principles in this area used in heat
transfer analysis.*

(i) Rosen’s restricted variational principle

The characteristic feature of this type of
variational formulation is the presence of
“frozen functions” which are held fixed during
the process of variation. Immediately after the
process of variation is finished the fixed func-
tions become “unfrozen” ie. equal to original
functions of the problem. It should be noted
that in some cases the Galerkin method will
yield the same results as Rosen’s principle. For
more details and the chronological develop-
ment of this idea the readers should consult the
following references [2-7, 17].

* For variational principles concerning ideal fluid
mechanics, as a related branch of continuum physics see [14].

1in



1112

(it) Bateman’s hydrodynamical variational principle

This principle was stated by Bateman [8] in
the study of the flow of an incompressibie
viscous fluid, and elaborated by Morse and
Feshbach [9] in the heat transfer problem. In
this principle the concept of an image system is
associated with the physical system. The image
system has no physical significance. Conse-
quently, there are no guides in picking boundary
and initial conditions for the image system.

(iii} Biot’s variational principle [10-13]

This principle does not have a Hamiltonian
structure ie. the Lagrangian of the problem
does not exist. Using the concept of thermal
potential, dissipation function, and generalized
thermal forces a powerful tool was constructed
for solving various equations describing non-
linear thermal phenomena.

This paper deals with a new variational princi-
ple for broad class of irreversible phenomena
with applications to the nonlinear heat transfer
problem. In order to be more pragmatic we will
not only consider the formation of differential
equations of the physical process, but also
methods of obtaining approximative solutions
using the direct method of the variational
caiculus. By means of the variational technique
developed here a nonlinear boundary value
problem can be reduced to an ordinary differen-
tial equation whose solution is often capable of
being expressed in analytic closed form. The
efficiency and accuracy of the method presented
here can be estimated by comparing the solu-
tions of problems solved using the variational
method and other more elaborated methods.
However, we shall study the problem of im-
proving the accuracy of approximative solutions
and choosing the best power of trial polynomial.
Finally we will prove that the solution obtained
with the help of the variational method discussed
in this paper, has the property of optimality for a
trial solution.

The examples treated are of considerable
technical interest. Unfortunately, in many cases
exact mathematical methods which apply to
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these problems are unique, difficult and fre-
quently do not yield any results. However these
difficulties can be avoided by using the varia-
tional method.

2. THE VARIATIONAL PRINCIPLE

Let the differential equations of a physical
phenomenom be of the following form

&l x;,t,0 Gv, oo, 30 _ 1)
A\ ex) et oxE) (
i=12,...,n j=1273

where v; are a set of real field variables (velocity,
pressure, temperature, etc.). The v, = v{x b
arefunctions of the continuous cartesian variables
x;, and time t.

Let us consider the Lagrangian density [31]

dv; dv; 0%,
vl v! v! l) (2)

where A is a parameter. For the Lagrangian
density (2} we have the action integral

P = $(xj, v,

11

I =JJ$dth,

to

3)

3
where dV = [] dx; is an elementary volume in
i=1
geometrical space. t,, t, is an arbitrary interval
of time.

If we restrict the variations in such a way that
év;}y = 0, on the boundaries of V for every time
t,and ov,|, = bv;|, = Oeverywhere in ¥, includ-
ing the boundaries of ¥, then the variational
equation

ol =0

is equivalent to the Euler-Lagrange equations
for generalized coordinates v,

or 0 0w N0 v
dv, Ot 0(0v,/or) 0x; 0(0v,/0x )

i=1
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For the Lagrangian (2), Euler-Lagrange equa-
tions (4) are:

dv; dv; 0%y,
¢ ‘”’”6 6x 6’x

ov, dv; v,
- M( X ’”"a EX 6x2

l) &)
Where the left hand side of (5) is the same as the
feft hand side of (1). In order to get correct
differential equations (1) we will impose the
condition that the parameter A tends to zero.
In this case the functions .4 must have the
following property:
lim A 0. {6)
A0
Hence, a general variational approach to the
physical phenomenon under consideration is
established.

Remark. Tt should be noted that sometimes
the variation dv; does not vanish on some part
of the boundary V. In this case the action
integral (3) has to be adapted by the addition of
new terms, in such a way that the Lagrangian
equations (4) are valid. (For more details see
[6], pp. 22-29.) In other words the stationary
condition for the adapted action integral, with
the first term equal to the right hand side of (3)
yieids the Euler—Lagrange equations (4).

To be more explicit let us consider the differen-
tial equation for an intensive nonstationary
temperature field {15, 16]:

2T
Cr 56{2 + CQ—T-= kV2T; )

where T is the temperature, T—relaxation time,
C—heat capacity and k—heat conductivity.
Equation (7) may be derived from a variational
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principle, the Lagrangian of which is {29, 30, 32]

e[S A3 e o

where T plays the same role as v, does in {2).
Putting (8) into (4) we will get (7) in which case
A =0,

If we want to consider the classical case, the
relaxation time plays the role of the parameter
A, since the former tends to zero. Thus the

function 4 has the form
2

w=-c&f
the requirement {6} is fulfilled automaticaﬁy, and
we have the simple heat conduction equation

oT

C i kV2T. 9
In the case of variable thermal properties the
classical heat conduction equation is of the form:

3
9
. 0x;

|3t -sn%

(10)

(k—thermal conductivity, S$—volumetric heat
capacity, product of density and heat capacity at
constant pressure).

This equation may be derived from a Lagran-
gian of the form:

3
RO\ [TV A
=150 () —3smum
=1
oT\ |,
x(.é?)}e/*. (11)

Using (4) one gets
3
i eT
5 fifinz) -
i=
A faf, oT 10
=i o 0+ )~ 37

(12)

x [sgr}k(r)g)' ]}

hence when A — 0 we have (10).
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3. NONLINEAR HEAT CONDUCTION PROBLEM,
SEMI-INFINITE SOLID

As first example we shall study the heat con-
duction problem through semi-infinite bodies in
one dimension with variable thermal properties.
The governing differential equation is equation
(10) for j = 1. A case of special interest is the
semi-infinite slab at temperature T, whose face
is suddenly raised to temperature T,. In accord-
ance with the well known notion of penetration
depth ([28], p. 474) we now define a quantity
d(t) called the penetration distance. Its properties
are such that for x > 4(t) the slab is at the equi-
librium temperature and there is not heat trans-
ferred beyond this point. We will assume the
case where the surface temperatureis an arbitrary
function of time

Hence, the boundary conditions of the problem
are:

T©,1) = Ti(1); (13)

In order to obtain an approximate solution we
will assume a temperature profile in the form

T[4(t),t] = T, = const.

T(x,ty = Ty, + 0(t). u", (14)

where
0= Ty(t) — Ty, (15)
p=1-— (16)

and n is an integer.
Let us assume that the thermal conductivity
and volumetric heat capacity are of the form:

ST S

e} oG

0157 - S o
0

k=0 k=0
where k,, S,, a, and b, are given constants.
For this problem the action integral is

ty (1)

K{T) (0T\* 2
Si[E R
0

to
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oT\? Ua
X (5;> }e dx dt, (19)

where the time interval t, — t, is chosen arbi-
trarily. In order to obtain an approximate
solution we will apply the method of partial
integration. Substituting (14), (17) and (18) into
(19) and using (16) after integration with respect
to x the equation (19) yields:

F (k362 ASeko[,,. 206.5
i —~J‘{E?55/4‘— “TE*— ¢*B + 5 C

to

65” (
+ 5 D]} et . ddt = f,?(é, &, 1) dt,
to
dé de
= =) 2
X (5 3 0 dt) (20)
Where
_ 2 a;.q; {
A nZn(t+j+2) T (21)
© i, j=0
D =n? ba !
B ilai+j+2) -1

-~ 22
n(i+j+2)+n(i+j+2)+1]’ @)
C \ b !
= Ul i+ +2)
Hme ___ 23
T+ j+2 1 @3)
The constant B has no influence on the results
obtained below. In order to assure that the

action integral (20) has a stationary value the
Euler-Lagrange equation:

dor o _
dtos s
must be satisfied. Hence we have

SD ., dé? de
2 0%(t)— + S,Co(t) —
5 ()dt 0 ()dt
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x 84t) — }%492(:) =i{...... 1.

Putting 4 —» 0 we have the ordinary differential
equation

SoD , . d6? do
=500 5 + SoCHD) 5

x 5%(t) — ’-‘-92-‘3 0%ty =0, (24)

the solution of which is for 6(0) = 0:

S k0 A ~2CID \ 2C/D *
() = S—O.-D-B(t) B()*“"° . de . 2%
0

Hence, the approximate solution is found. The
solution (25) involves a very broad class of non-
linear problems which are defined for various
forms of the functions S(T) and k(T) represented
by the series (17) and (18).

The analysis of the result (25) will be given
later.

4. ESTIMATION OF THE SOLUTIONS OBTAINED
BY THE HELP OF THE VARIATIONAL
PRINCIPLE

The estimate of the error incurred in the
approximate solution of any problem is ob-
viously very important. In this section we will
follow the method suggested by Yang [33, 34]
(see also [35]. p. 106), who demonstrated an
improved integral method. Using Yang’s analysis
as a starting point we will discuss the problem
of improving approximative profiles, the prob-
lem of choosing the optimum profile and mini-
mization of the error integral. In performing this
analysis we will show the utility of the variational
principle presented in this paper.

(a) Improving approximate profiles
Following Yang we will transform the dif-
ferential equation of heat conduction (10} using
the transformation
Iy =—

= 3{{}“; (26)

’Co—-_—t.
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The resulting equation is

o*T T
P — + ,— = Py, 27
047 04,
where
Pl = k,
o 0T dé
- T (5 _ a?) 8)
orT ,
P, = SaTo.é )

The differential equation (27) may be used in
obtaining the improved profile if we calculate
P,, P, and P, for the previously assumed pro-
file. (For more details see [35], p. 106.)

We shall introduce the quantity

*T L p oT
Yaar 2ok
and the following error criterion in the form of
the integral

e=P P, (29)

Atm
J=

Q
where the upper bound 1,,, depends on the
character of the chosen profile.

For the sake of simplicity we will study the
improvement of a profile in the case of linear
heat flow. Let us consider a semiinfinite slab
initially at zero temperature whose face is
suddenly raised to temperature T,.

For this case putting

e*di, (30)

To = 0; k =ky = const,6(t) = T, = const;

S =8, =const, a=ky/S,, (31
we obtain from (17) and (18)
ay=1; a,=0 (k=123,...)
by=1; by=0 (k=1,23,...) (32
Choosing the cubic profile (n = 3)
T= 1;(1 --5—%)3 33)
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and using (21323} and (25) we find that the
penetration depth is

é = /(1ar). (34
Hence, from (28)
P =1,
P, = i— 4,60 (35)
P, =40

Combining (34) and (35) the differential equa-
tion (27) becomes

d’FT 21 dT

—dj?‘-’r‘?lla-z—o, (36)

the solution of which for
Ay =0,

T
Ay =00, T

I

T,
0,

el 23]

Substituting (34) into (37) obtain the exact solu-
tion to the problem:

T=T|1—~ef——
=T ——erz\/(at),

(erfn = ——2~f e % da).
Jm) )

The efficiency of the method is obvious, Still, it
should be noted that in more complex situations
this procedure must be repeated several times,
choosing improved profiles as the starting
profile in each step.

Il

is

(37)

(b) Choosing the optimum profile

The method developed in section (a) may be
used for obtaining the optimal profiles. It is
interesting to note that in recent years many
methods have been developed for obtaining
approximate solutions in irreversible physics.

B. VUJANOVIC and DJ. DJUKIC

{Integral method, Biot’s variational method, the
method of weighting residuals, collocations
method, method of moments, etc.) Applying any
of the methods cited an important question
arises. How to choose the best order of the poly-
nomial used to represent the profile. Concerning
this question, several authors thought that
increasing the order of polynomial would lead
to more accurate soluttons. This statement is
not valid according to Goddman [35] who has
shown that there is no a priori guarantee that
increasing the order of the polynomial will
improve the accuracy.

In this section we will show that Goodman’s
conclusion is correct and we will discuss a
method of finding the best degree of a poly-
nomial for a specific problem. We will focus
our attention on two nonlinear problems.

(1) Yang’s case [ 18]

T
k= kg(l + ozF); S = §, = pC, = const,
i

Tyo=10; 8= T, = const. (38)
In this case we have that:

by=1; b;=0; (i=123,..)
(i=2,3,4,...)39

and the solution (25) is of the form:

aa=1;, a,=uo; a;=0;

o\
8(t) = (Sﬂ) (4D (40)
O
where:
1 2.0 o?
2n—1 3n»1+4n—1
= . (4
A i 1 1 + (1)
2n—1 n 2n+1
+ 1 _2— + 1
U=t 3 a4y

The problem we wish to solve is to find the power
n in such a way that the error is minimized.
Using (16), (14), (40), (38), (26) and substituting in
{(28) and (29) we find the quantity & Performing
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the integration of {30} from zero to 4,,, = 1 we
obtain the error criterion in the form:

J:kgrfnz{(n—x)z( L

2n-3 3n-12

“ ) 4o — 1) !
+4n—3 (n o n—-3
+ o +A 1 _ 1

4n — 3 22 —~1 2n-12

i -2 + and 1
R P R "\

-1

1 _{_A2 1 §+ 1
3n-2 I+l n 2n—1

a’n?
+4n—3}'

The minimum of the function J with respect to
n for various o is given in the following table:

a —05 0 05 1 15
n 52 202 1-76 167 1-63
i G-15783 066569 2105717 435087 743551

27

Using (38)(41) a comparison with the exact solu-
tion [ 18] is given for various value of n. From the
Figs. 1-3 which are plotted for « = 405, and
0 it is seen that for the value of n for which the
function J has the minimum, the agreement
with the exact solution is quite satisfactory. To
the authors knowledge the solution for o, =1
and a = 1-5 has not been found. The Fig. 4 shows
the temperature distributions for these cases.
Since the function J has a minimum value it
should be expected that this solution is satis-
factory.

(i1) Biot's case.

T, =0; 8=1T, =const; k =k, = const,

42)

T
§=38, (I + :i:); p =const; 8, = pC,.
1
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The temperature profile for a=-0-5

ar_ 4 T, ar
0s Sog0 ar etireiged
oak TfOt)=7’ 7{w, t)= 7’(8(1)1} =0
o7k n+2,3,52
0000 Exact
o6l m——— 2\ OProximative
3 X . T
B * YT
08 2 _’(_0_’, 7{'
N S
Q-3
23 =
LR N o
!

o 02 04 06 08 10 12 14

13

6 18 20 2.2 24

FIG. 1. The temperature profile for « = —0'5,

In this case we have that

a9=i; ak::(}, (k:i,2,3,...}
bo=by=1; b, =0, (k=23,4,..) (43)
and the solution {25) is
ko O\
o(t) ==(}~9~) (A1) (44)
pCy \/
The tempercture profile fora=0

10 ér 4 I,dr

o 303—“— = T[KO{HGF } &Y}

o8k 702 )=TT{ot)= rfa(r}r)‘r O

n=4,8,202
o7 o000 Exact
T 8- — A pnroximnotive

= igen =
2 +4 16 1820 2224

£

0 G204 06 08 10

Fi1G. 2. The temperature profile fora = 0.
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The temperature profile for @=0-5

ar_ 4 7T .07
o9 Soa’ aX[Ko(Ha ~7_—)a_x]
o8k 7(0,1)=TiT (00, #) 7 (3=, =0
ns3,8,176
07 0000 Exact
ochk — Approximative
-
s, 051 ; V’";;"
o a4l
0 -3
o 2t
o1
|
0 020406081 0121416 18 2622 24
13
Fi1G. 3. The temperature profile for « = 0-5.
where
1
2n—1
A=—— . (45)
1 1+ 1 + 1 2 N 1
2n—1 n 2n+1 3n—1 3n 3n+l

Hence, as in the previous problem we will find
the parameter n in such a way as to minimize the
error.

Using (14)-(16), (26), (44), (45) and (42) and
substituting into (28) and (29) we find the
corresponding quantity for ¢. Performing inte-
gration in (30) from zero to 4,,, = 1 the error

1-0 - The temperature protile for a=i and a=1-5

o9
-
50 . ipiva-Ly-30
o8 dr dx 7 ax
0-7h ael (0o 167) 70 )=TiT (00 )=r(8(r)t)-€ =0
o6 g iye L
«-5{n=I- * 4y
os a=1-5{n=1-63) 2/_/(_0_’ \
AT So
o-a-
03
02k
[o ) o
1 1 N — i i 1 1 Il d
0 02040608 10 12 1'4 16 I8 2022 24

3

FiG. 4. The temperature profile for « = 1 and o = 1'5.
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criterion is

(n = 1 __1)32 — -1

J = k2T2 2
olyn n

y 1 1 + 1 1

x —_ — u—
2n—2 2n—%1 3n-2 3n-1
+£ 1 + 1 N 2 2
i\t T =i T a1 T

+ L + ! 17 46
4n+1 4n—-1 6n/l’ (46)

The minimum of function J is achieved for
n=21
and for this value of n, the value of J is
J = k3T%.0-63988,
and from (44) and (45), for n = 2-1 we have

5= 2-913(£z)}f
pCo )

The same problem was solved by Biot using his
variational technique. For n =2 Biot has

found [10]
= 2'97( ko t>§
pCo )

For a profile of the same type, using the varia-
tional principle presented in this paper (see [29])
the result is:

ko \*
8 =280 <——O—t> .
pCo
Unfortunately this problem is not liable to an
exact solution and direct comparison is im-
possible. But, by minimizing the error criterion

it seems logical to suppose that the given result
1s correct.

(c) Comparisons with other methods

It would be interesting to make comparisons
between the results obtained by the help of
variational principle and other methods.

For a given temperature profile i.e. for fixed n,
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the various methods give qualitatively same
results, but the numerical values are often
different. One can reasonably ask to find the
“best” approximate solution for a given profile.
We will show that the solutions obtained by the
help of variational principle are the “best” in
the sense of Yang’s analysis.

(i) Let us study the problem in section (a), for
which we found the solution (34) in the form

5 = J2laz). 47)

Solving the same problem [and using the same
profile (33)], other authors have found

8 = J(Aar).

For example, using the integral method Good-
man found [35], p. 59

A =24

(48)

The problem we wish to solve is to find the

constant A for which the error is a minimum.
For the fixed profile (33) and for  defined by

(48) and using (35), the error criterion will be

10 140

where the integration in (30) has been performed
from O to 1. The function J has a minimum value
for

J = T§<12 24 + —3—A2>, (49)

A =21

Hence, we have shown that the result 4 = 21

obtained by the help of the variational principle

makes a minimum of the error integral (49).
For the quadratic profile

X 2
(-

the variational technique gives
6 = /(10xz).

For the same problem, (and for the same
profile), Biot found

-5
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Choosing the expression for penetration distance
in the form of (48), it is easy to show that the
error criterion will give a minimum for

A =10

which is the same value obtained by the help of
variational principle.

(i) For the case of nonlinear problem studied in
(i1) of section (b) we found that for the quadratic
profile n = 2, the solution is

k 4+
6=28 <—° r)
pCo

Using the same profile Biot found

(50)

0 =297 —C—t .

Plq
Supposing that the penetration distance has the
form

6= (A——t (A = const.)
pCo

and forming the error criterion, we have

J=4+44(-)+ A’E -2+ +5-D)

This function has a minimum value for
At =28

Hence, in all three examples it is seen that the
results obtained by the help of the variational
principle, are optimal for a given temperature
profile.

5. FRIEDMANN’S NONLINEAR PROBLEM

The solution (25) of equation (10) covers a
very broad class of problems. For example the
solutions given in [20-25] are covered by the
solution cited in this paper. For example it is
possible to easily obtain the solution of the
strongly nonlinear problem considered by Fried-
mann in [19].

This problem is defined by

S(T)= Copoﬂ.me_ l,
KT)=AgpaTP™ 1,

Co, po, B=const,

Ao, a=const.  (51)
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To =0, 8§ =T, = const, n=gq/p, m= const,
p = const. We will assume the temperature
profile in the form:

(_’{)p = (g = const). (52)

T,

Using theNast three expressions (51) it is obvious
that the profile (52) is of the same type as (14).
Hence the general solution (25) is valid for this
problem. For this problem the coefficients
a,, by, Sy and k, have the form:

So = Copo: ko = 4o
o= 0 for k#p—1
7 lapTe! for k=p—1
(53)
b, = 0 for k£m—1
T BmTT Y for k#m-— 1.

By means of (21}+23), (51), (53) the solution (25)
becomes

Ao ap
oy = ———=T8°™
) poCo Bm '
3
t
2g — 1
. (54
T 2 1 64
m B +mq
—g+q—1 Tqi+q — 4+q+ 1
P p P

The temperature field corresponding to this
problem is plotted in Figs. § and 6 for ¢ = 2, and

X

¢ ,
Yo 2P pp-m )’
poCo Bm

the comparison with the exact solution for
aluminium (p = 0-905, m = 1-03) given in [19]}
is seen to be quite satisfactory, i.e. it is impossible
to detect any error when this temperature
profile is superimposed on the graph which
Friedmann presents. Unfortunately for steel
(p = 0-84, m = 1-125) there is no known solution
for comparison.
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o o 37, CoPon 7 AT
w—(pal = = BmT S
1o et ity vl T
09 7(0,1)=T= const;T{x,0)=T(e0.1) =0
m =103 p=0-905:a=157, 30871
o-81 aoo Exact
—— Approximative
0.7 °
yF1a-2
o6t R S
Ao a ,
EN o5l No _ﬂ_z_pm’)ln’z
Paogm'
o4+
03
02
Q-1
o bl
0 02040608 10 12 14 1'6 ['B20 22 24

£

FiG. 5. The temperature distribution for differential equation
of Friedmann’s type

0 m o _62
HBT = @)

for aluminium p = 0-905, m = 1-03.

6. THE SURFACE RADIATION
As an interesting application of variational
principle defined in previous chapters, we are
going to discuss the problem of surface radiation.
This problem is defined by the equation:

%3: = a%;—f; g = o = const, (55)
with the nonlinear boundary conditions
kz—: = hT™ — T}) for x=0, (56)
and
T[6(t), t] = 6, = const, (57)

where k = const is the thermal conductivity
and a = k/S = const, where S is volumetric
heat capacity and h is a constant factor of
proportionality. T is the absolute temperature
of the body and T, is the absolute temperature
of surrounding medium. First of all we shall
introduce a Langrangian of the form (11)

A(eTN*  a(0T\*] ..
5“”"[5(5?) "z‘(?a‘se)]‘* ’
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F1G. 6. The temperature distribution for differential equation
of Friedmann’s type
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for steel p = 0-84, m = 1-125.

é o
56T =

the action integral of which is

1ty &

I={[Zadxdt.

0o 0

(58)

In the sense of classical mechanics the boundary
condition (56) plays the role of a nonholonomic
constraint ie. if we introduce the value (56) for
8T /ox into the Langrangian of the problem the
Langrangian will lose its utility because the
“transformation” (56) is nonintegrable (non-
holonomic). The general discussion about the
impossibility of describing the physical process
by Langrange’s equation in the presence of
non-holonomic “differential transformations”
like (56) can be found in [26] and [27]. In order
to overcome this difficulty we shall follow the
method suggested by Raphalsky and Zyszkowsky
[12].

Following the procedure in [12] two general-
ized coordinates are introduced: the penetration
distance J and the absolute surface temperature
g. We will seek the approximative solution in

the form
_xY
8/’

where n is an integer. Introducing (59) into (58)

T =6,—-(6 - q)(l (39)
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and integrating with respect to x one gets

141
[, &
I—J{i[q 2n + 1

1 n (00 - Q)Z 2
XG_M+J+ 5 0

" 1 1+ 1 2
2n—1 n 2n+1

anz (60 - q)2 t/A
- o (o ¢

— 204(6, — q)

i=%) @

13}
do
zfym&ﬂm G=a* =3
to

Applying the Euler-Langrange equation with
respect to coordinate &

d ¥ 0¥

@ w0

after the limiting process 4 — 0 we have the
differential equation

1 1
- — § + 2n?
2"<2n 2n+1>q'+ "

1 1 1 \é
x<2n—1“;+2n+1)5(90—q)

an’ 8, — ¢
Mol 0. {61)

The existance of the nonholonomic constraint
(56) leads, substituting the temperature profile
(59) into (56), to the algebraic relation, [12],
equation (28).

nk 6, —q
d=—-02 T~ (62)
hqm—Tm
Introducing (62) into (61) and setting
q T, Wa oo
Z=0—o; ZO=—0-§~; ‘t:FB%( ”.l, (63)
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the resulting differential equation yields
1 1 1
1 — z)| 2n? - -
{( Z)[:n<2n—1 n+2n+1>
X (mz" — 2" —mz" " 42— (2" - )

(-0

1 _ dr
(z" — 2% 2n—1

x (64)
This problem was selected to demonstrate the
variational technique in the presence of non-
linear boundary conditions. Hence, it is not
within the scope of this paper to analyze the
solution of (64) in details. We will only compare
the asymptotic solutions for short and long times.
For © - 0 the solution, when T, = 0, is

z = 1-1-1907*
z = 1-1-129¢*

for n=2,

for n=3.
The exact short time solution is [36]
z = 1-1-1287%,

and does not depend upon tke power m. The

long time solution, T — oo, of (64) for T, = 0 is:
z=(1-58z%)""  for n=2
z=(1-53z%)"Y"  for n=3.

The exact long time solution is [36]
z = (177t~ 1m,

It is seen that the results obtained here are in
good agreement with the exact solution.
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SUR UN PRINCIPE VARIATIONNEL DE TYPE HAMILTONIEN POUR UNE PROBLEME
NON LINEAIRE DE TRANSFERT THERMIQUE

Résumé—Dans cet article on établit un nouveau probléme de Lagrange de conduction thermique non
linéaire. A I’aide du concept de profondeur de pénétration on donne une procédure de calcul pour résoudre
I’équation non linéaire de la chaleur. On discute aussi un probléme de conditions aux limites non linéaires
(rayonnement de surface). Par application de la méthode Yang (33), (34) et (35) on montre que les solutions
peuvent €tre améliorées. On discute aussi le choix du meilleur polyndme pour la description de la distri-
bution de température.

A la lumiére de la théorie de Yang, les solutions obtenues au moyen du principe variationnel ont quelque

degré d’optimalité en comparaison avec d’autres solutions approchées.

UBER EIN VARIATIONSPRINZIP VOM HAMILTONSCHEN TYP FUR NICHTLINEARE
WARMEUBERTRAGUNGSPROBLEME

Zusammenfassung—In dieser Arbeit wird ein neuer Lagrange-Operator fiir nichtlineare Warmeleitungs-
probleme aufgestellt. Unter Verwendung des Prinzips der Eindringtiefe wird ein Berechnungsschema
zur Losung der nichtlinearen Wirmeleitungsgleichung mitgeteilt. Ausserdem wird ein Problem mit
nichtlinearen Randbedingungen (Strahlung) diskutiert.

Unter Verwendung der Methode von Yang [33], [34] und [35] wird gezeigt, dass die Losungen verbessert
werden koénnen. Es wird ferner eine Methode erdrtert, wie man das beste Approximationspolynom zur
Beschreibung der Temperaturverteilung zu wihlen hat.

Aus der Sicht der Yangschen Theoric besitzen die mit Hilfe des Variationsprinzips gewonnenen

Lésungen eine gewisse Optimalqualitdt im Vergleich mit anderen Néherungslésungen.

O BAPMAITMOHHOM INPUHUUIE FTAMMJIBTOHOBCKOI'O THUITA OJIA
HEJIVMHENHON 3AJAYM NNEPEHOCA TEILJIA

Ansoranua—B pa6ore noaydeHa Hosasa ¢ymxuua Jlarpamxka [iA HeluHeRHOW sajayun
TeIIonpoBoAHocTH. MCIonb3ya MOHATHE FIIyOMHBI IPOHUKHOBEHHA, paspaboTana MeTONMKA
pacuéra [JA pelleHnA HeNIMHeWHOTo ypaBHEHUA IepeHOca Tella., PaccMoTpena Takmke
3a7a4Ya ¢ HeMMHeHHHIMUM TPAHMYHBIMM (M3IydeHue noBepxHoctu). ITokasaHo, uro pelueHus
MOJKHO YIyYIIMTH, ucmoab3ya Merop fIHra [33-35]. PaccMoTpen Takme Meroxy BHIGOpa
HAMIIYYIUero foJMHOMA JIIIA OMUCAHUA pacnpeleeHuA TEMIIEPATYPHL.

IpubnuskeHHble peleHUA, MNOJYYEHHHE C INOMOINLI0 BAPMALNMOHHOIO NPUHLMNA C

HCIIOJIb30BAHUEM MeTORa SIHra, ABIBIOTCA ONTHMANLHEIMHE.



